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Summary
The weak measurement and measurement reversal scheme has been proven to be
an effective tool in suppressing the effects of amplitude damping decoherence on
entangled photon pair where the concurrence can be recovered with increasing
weak measurement parameter. In this thesis, we investigate the application of
weak measurement and measurement reversal scheme in Mach-Zehnder interfer-
ometer (MZI). By numerically simulating the experimental setup, we have found
that the scheme can be implemented to recover the interferometric visibilities,
acting as a quantitative measure of the effectiveness of the scheme in combating
amplitude damping decoherence. Our results demonstrate two suitable configu-
rations together with the optimal weak measurement and measurement reversal
parameters suitable in improving the interferometer visibilities. Our results here
are applicable to generic initial state and not limited to a specific initial photonic
state. In addition, we extend our results to delayed-choice MZI and illustrate
that the scheme of weak measurement and measurement reversal is also applica-
ble in delayed-choice setups. Our simulations suggest that with increasing weak
measurement parameter, we can recover the interferometric visibilities such that
the difference with the ideal experiment visibilities, ∆V 2 ≤ 0.05. Our results
strongly suggest that the weak measurement and measurement reversal scheme
v
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Interferometers are ubiquitous devices in many quantum information applica-
tions such as quantum cryptography, quantum communication protocols [4–8]
and quantum computing protocols [9–13]. Moreover, there are many applica-
tions that involve interferometers in sensing and metrology [14–16]. Hence, the
presence of decoherence that affects the coherence of an interferometer can be
detrimental to the applications that involves interferometers.
There are several different types of decoherence channels. For example, the de-
phasing channel [17–21], amplitude damping channel [22–25] and bit-flip channel
[26, 27] are some of the most common decoherence channels. The presence of
decoherence channels in quantum information protocols can lead to undesirable
effects. Hence, the effort to suppress the different types of decoherence is one
of the key issues to be addressed in the field of quantum information. There
are several different protocols to overcome the effects of amplitude damping
1
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channel in quantum information protocols such as entanglement distillation for
entangled states [28–31], weak measurement and measurement reversal schemes
[1, 32–36], quantum Zeno effect [37–40], error correction codes [41–43] and relying
on decoherence-free subspace as the computation basis [44–46]. An interesting
method in combating the effects of amplitude damping decoherence is the weak
measurement and measurement reversal scheme which is the main focus of our
study.
The implementation of the weak measurement and measurement reversal scheme
has been demonstrated in several platforms such as for solid-state qubit [47], su-
perconducting phase qubit [48, 49] and photonic qubit [1, 33]. However, while
there are several proposals of the weak measurement and measurement reversal
scheme to protect quantum states and quantum entanglement against ampli-
tude damping channel, there has been little or no work done on investigating
the effectiveness of the weak measurement and measurement reversal scheme in
interferometric setups. Due to the presence of amplitude damping channel in an
interferometer, we expect the coherence between the two interferometer arms to
be affected thereby causing a degradation of the interferometric visibility. Thus,
it would be interesting to test the applicability of the weak measurement and
measurement reversal scheme in such interferometric settings. In particular, we
numerically simulate the implementation of the weak measurement and measure-
ment reversal scheme in a Mach-Zehnder interferometer. Here, we have found
an optical strategy for the weak measurement and measurement paramters to
recover the coherence between the two interferometer arms. This is observed by
2
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an improvement of the interferometric visibility.
The results of weak measurement and measurement reversal scheme in MZI can
be extended to the implementation of the scheme in delayed-choice MZI. The
delayed-choice experiments [2, 50–53] is an interesting and important class of
experiments which enable us to explore and understand the wave-particle be-
haviour of quantum particles. Hence, it is crucial to understand the effectiveness
of the weak measurement and measurement reversal scheme in delayed-choice
MZI experiment.
In short, via numerical search, we have found the optimal combination of the
weak measurement and measurement reversal parameters for the suppression of
the amplitude damping channel in MZI. Our results are applicable to a generic
initial state and not limited to specific initial state. Moreover, we extend our re-
sults in a standard MZI to a delayed-choice MZI. Similarly, we found the optimal
weak measurement and measurement reversal parameters for different amplitude
damping decoherence magnitude. In addition, our study found that the weak
measurement parameter increases with amplitude damping channel decoherence
magnitude and saturates rapidly with amplitude damping decoherence magni-
tude.
In Chapter 2, we present some of the relevant background information to un-
derstand the theoretical basis as well as our experimental proposals. Next, we
discuss our first proposal of weak measurement and measurement reversal scheme
for MZI in Chapter 3. In the subsequent chapter, we discuss the delayed-choice
MZI experiment and present our experimental proposal for the implementation
3
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of the weak measurement and measurement reversal scheme. Finally, we con-
clude our findings and discuss briefly some possible future works and the outlook




In this chapter, we will introduce the amplitude damping decoherence channel as
well as the weak measurement and reverse measurement scheme for protection
of quantum information encoding against amplitude damping decoherence. We
then discuss the optical implementation of weak measurement and measurement
reversal scheme and the amplitude damping channel by Y-S Kim et al. [1] where
they demonstrated the effectiveness of the weak measurement and reverse mea-
surement scheme in protecting entanglement from amplitude damping channel.
A combination of weak measurement and reverse measurement is also found in
Ref [1] to recover the concurrence of an entangled state.
2.1 Amplitude Damping Channel
A derivation of the amplitude damping is given in Ref. [54] in terms of a photon
incident on a beam splitter or a partially silvered mirror. Here, let us consider an
5
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arbitrary two-level system, consists of the ground state, |0〉 and the excited state
|1〉. Consider an ensemble of n copies of the two-level systems, within a given
time interval, there is a probability that a portion of the two-level systems in the
ensemble will undergo the spontaneous de-excitation from state |1〉 to |0〉. These
de-excitations are random and probabilistic events. Hence, such de-excitations
are then described by the amplitude damping process which follows the mapping:
|0〉S |0〉E −→ |0〉S |0〉E
|1〉S |0〉E −→
√
d |0〉S |1〉E +
√
1− d |1〉S |0〉E ,
(2.1)
where S denotes the system state, E denotes the environment and d gives the
probability of the spontaneous de-excitation. The environment states are then
traced out from Eqn. (2.1) to obtained the Kraus operator for the amplitude

















MˆDk = 1 which is required for the
operators to be probability conserving. The state after undergoing amplitude








where ρ0 is the initial state of the system. Notice that upon amplitude damp-
ing, we obtain a mixed state instead of a pure state. In summary, the amplitude
6
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damping leaves the two-level systems in the ensemble occupying the ground state
unchanged while the two-level systems that is initially in their excited state can
de-excite to the ground state with probability, d and with some dissipation lost
to environment. Such transitions is undesirable in quantum information process-
ing as a portion of the information encoded would be lost due to the dissipation
of the amplitude damping process. In addition to loss of information, in Ref.
[1], they have shown that the presence of amplitude damping decoherence also
causes a degradation in entanglement. To protect entanglement against ampli-
tude damping decoherence, they propose a scheme utilising weak measurement
and measurement reversal which will be described in the next section.
2.2 Weak Measurement and Measurement Reversal
In this section, we will discuss the notion of weak measurement and measure-
ment reversal in order to understand how they can be utilised to protect the
quantum state against amplitude damping channel. The weak measurement and
measurement reversal as a scheme to suppress amplitude damping decoherence
has been proposed and demonstrated in Ref. [32, 33, 55]. Here, we base our
experimental proposal mainly on Ref. [1]. In order for the scheme to work, the
weak measurement must be placed before the amplitude damping channel while
the measurement reversal is placed after the amplitude damping channel. As we
shall see later, the weak measurement can be seen as removing the amplitude
damping decoherence channel by removing the states susceptible to it while the
7
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measurement reversal corrects for the amplitude damping by removing the states
affected.
2.2.1 Weak Measurement
Weak measurement in its essence is a partial projection of the quantum states to








where p gives the weak measurement probability. The difference between the
weak measurement defined here with the usual measurement operator in quan-
tum mechanics arises from the fact that the weak measurement here is a partial
projection with its “weakness” determined by the parameter p while the usual
quantum mechanical measurement operator is given by a projection operator.
For an ensemble of n copies of two-level systems, a portion of the two-level
systems occupying the excited state, |1〉 is removed with probability, p, while
those at ground state remain unchanged. In the limit of p = 0, we have an
identity matrix. On the other hand, in the limit of p = 1, we have a full projection
operator in Eqn. 2.3 which projects the ensemble onto one that is consisted of
only ground states. Hence, the operator Mˆw(p) is a usual quantum mechanical
measurement operator as p = 1. For our purpose, the range of weak measurement
strength of interest is 0 < p < 1.
8
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For the suppression of amplitude damping decoherence, we inituitively require
the weak measurement to be implemented such that the quantum state is par-
tially collapsed to its ground state, |0〉 that is immune to the amplitude damping
decoherence. This reduces the effects of the amplitude damping decoherence
and can be seen as a removal of the amplitude damping channel. As a result,
the resultant state is less susceptible to the amplitude damping decoherence.
However, a simple partial projection is insufficient as the quantum state is now
changed by both the weak measurement and the amplitude damping decoher-
ence. The information encoded in the quantum state is also affected as a result
of the changed in the quantum state. Hence, a measurement reversal is required
to recover the initial state by having a partial projection that is opposite to
the weak measurement, i.e. a partial projection onto the excited state of the
two-level systems.
2.2.2 Measurement Reversal
Measurement reversal is a probabilistic removal of the ground state, |0〉 that
is due to the spontaneous de-excitation of the excited states, |1〉 achieved via a
partial projection onto the excited state. It was first proposed in 1999 by Masato
Koashi and Masahito Ueda [35] where they showed that measurement reversal
which probabilistically returns a weakly measured system to its original state
is useful for quantum error correction. The general idea of the measurement
reversal operation is to minimise the effects of amplitude damping decoherence
9
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by optimising the measurement reversal parameter to recover the original state
of the system.







where p¯ gives the probability for the removal of the ground state. Here, p¯ is the
optimising parameter depending on both the weak measurement parameter as
well as the magnitude of the amplitude damping decoherence. Similar to the
weak measurement, in the limit of p¯ = 1, Eqn. (2.4) is a projection operator
which projects the quantum state onto the excited state while an identity matrix
is obtained in the limit of p¯ = 0. Also, the range of the parameter, p¯ is given
by 0 < p¯ < 1. The parameter p¯ determines the proportion of the ground state
being removed from the system. In the context of two-level system, some of the
ground states are due to spontaneous de-excitation of excited states. Thus, the
removal of these states affected by the amplitude damping decoherence allows
us to reduce the effects of the amplitude damping decoherence. By optimising
the measurement reversal parameter, we obtain a state with a fidelity that is as
high as possible compared to the initial state thereby minimising the amplitude
damping decoherence. In the absence of amplitude damping decoherence, the
optimal parameter to recover the initial state of the weakly measured system is
given by p¯ = p.
10
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In summary, by having a weak measurement before the amplitude damping chan-
nel, the partial projection to the state that is immune to decoherence channel
reduces the effects of decoherence. Subsequent to passing through the deco-
herence channel, the measurement reversal is optimised such that copies of the
two-level system affected by the decoherence channel are probabilistically re-
moved from the system. Together, this allows the protection of the quantum
state against the presence of amplitude damping channel. The optical imple-
mentation of the weak measurement, amplitude damping decoherence channel
and measurement reversal first seen in Ref. [1] will be discussed in the next
section together with a review of their results as a demonstration of the weak
measurement and measurement reversal scheme.
2.3 Optical Implementation
In this section, we discuss the optical implementation of the amplitude damping
channel, weak measurement and measurement reversal [1] where the quantum
states are encoded in the photonic polarisation. Here, the excited state, |1〉 is
represented by the vertical polarisation while the ground state, |0〉 is represented
by the horizontal polarisation.
The optical implementation of the amplitude damping channel for polarisation
qubit can be seen in Fig. 2.1 [1]. The decoherence magnitude, D = sin 2θ,
where θ is the angle between the fast axis of the half wave plate, HWP2 and
the horizontal axis. The HWP1 is placed such that its fast axis is along the
11
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Figure 2.1: The optical implementation for the amplitude damping channel
for polarisation photonic qubit. The half wave plate, HWP1 is placed at 0
◦
while HWP2 are placed at an angle θ. The angle θ controls the decoherence
strength of the amplitude damping channel, D.
horizontal axis. This does not change the polarisation of the photons passing
through with only an additional phase introduced to the photonic states. Hence,
a horizontally polarised photon that enters the polarising beam splitter, PBS
will only pass through HWP1 and can only be found at output mode a of the
PBS. On the other hand, a vertically polarised photon that enters the PBS
will pass through HWP2, i.e. the photon undergoes decoherence. Finally, if
the photon remains vertically polarised, it will then be found at path a. On the
other hand, if the polarisation of the photon is rotated, then it can only be found
in path b. Hence, from Eqn. (2.1), the two output modes, a and b represents
the environment states, |0〉E and |1〉E respectively. Finally, in order to trace out
the environment, an additional beam splitter BS is placed to incoherently mix
the horizontally and vertically polarised photon at output modes a and b of the
PBS. Note that only one of the output modes of the BS is sent into the system
12
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while the photons at the other output mode are lost.
In addition to the amplitude damping channel, both the weak measurement and
measurement reversal are also implemented optically such that the partial pro-
jection are done on photonic polarisation qubit. The weak measurement, which
Figure 2.2: (a) The weak measurement for polarisation qubit implemented
with a BP. (b) Together with HWPs which rotates the polarisation by a angle
of 90◦, the measurement reversal for polarisation qubit can be implemented.
is a partial collapse towards |0〉, can be implemented by placing a Brewster-angle
glass plate (BP) [1]. The BP acts to transmit the horizontally polarised photons
while probabilitiscally reflects the vertically polarised photons. This is effectively
a partial projection towards the horizontally polarised states. Subsequently, to
reverse such partial projection in the measurement reversal, the BP together with
HWPs can be used [1]. By placing a HWP at 45◦ before the BP, the polarisation
of the photons incident on the BP are rotated by an angle 90◦. A second HWP
at 45◦ is placed after the BP to restore the original polarisation of the photons.
As a result, we have a partial projection towards the vertical polarisation states,
i.e. a measurement reversal. The schematic figure of the optical implementation
of weak measurement and measurement reversal is seen in Fig. 2.2. In both
cases, the weak measurement and measurement reversal parameters, p and p¯ are
controlled by rotating the BPs.
13
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To demonstrate the effectiveness of the weak measurement and measurement
reversal scheme in suppressing the decoherence effects, consider an initial state of
α |00〉+β |11〉 where α, β 6= 0 and in the presence of amplitude damping channel
for both qubits. It is shown that with the measurement reversal parameter of
p¯ = p + d(1 − p), the concurrence degradation due to the decoherence channel
can be reduced due to the weak measurement and measurement reversal scheme
implemented for both qubits [1]. The experimental schematic figure of Ref. [1] is
shown in Fig. 2.3 where we observe that weak measurements and measurement
reversals of different parameters are placed before and after the two amplitude
damping channel. In the next chapter, we adapt the experimental setup in Fig.
Figure 2.3: The schematic of the experimental setup for the protection of
entanglement against amplitude damping channel [1]. We draw inspiration
from this setup and adapted this setup for our purpose in the implementation
in MZI.
2.3 to be implemented in MZI to study the effectiveness of the weak measurement
and measurement reversal scheme in combating the effects of amplitude damping







In this chapter, we shall discuss two different implementations of the weak mea-
surement scheme in a MZI. Let us start with an ideal MZI in the absence of
amplitude damping decoherence channel and weak measurement scheme where
we present the definitions for interferometric visibility and predictability. In ad-
dition, we demonstrate the complementarity principle with the ideal MZI. We
then study the effects of amplitude damping channel in one of the interferometer
15
Chapter 3. Weak Measurement Scheme for Mach-Zehnder Interferometer
arm. Here, we observe a degradation of the interferometric visibility. To over-
come the amplitude damping decoherence, we include the weak measurement
scheme in two different configurations and discuss the effectiveness of each con-
figuration to recover the interferometric visibility. Subsequently, we investigate
numerically how the decoherence severity affects the interferometric visibility
for different superpositional states of horizontally and vertically polarised pho-
ton as the initial state. Finally, we find out the optimal combination of weak
measurement and measurement reversal parameter for different initial state.
The results presented in Section 3.3.1 are obtained in collaboration with Adeline
Orieux, Mario Amolfo Ciampini, Stefano Paesani and Paolo Mataloni from the
Quantum Optics Group in Sapienza, Rome [56].
3.1 Ideal Mach-Zehnder Interferometer
Let us consider a usual ideal MZI in Fig. 3.1. Consider an initial state of
|ψ0〉 = (cosβ |H, a〉+sinβ |V, a〉) and generic transmission/ reflection coefficient,
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T/R beam splitters. We have the output state, |ψ1〉
|ψ0〉 BS1−−→ [cosβ (T |H, a〉+R |H, b〉) + sinβ (T |V, a〉+R |V, b〉)]
ϕ−→ [cosβ (T |H, a〉+Reiϕ |H, b〉)+ sinβ (T |V, a〉+Reiϕ |V, b〉)]
BS2−−→ [cosβ (T 2 |H, a〉+ TR |H, b〉+R2eiϕ |H, a〉 − TReiϕ |H, b〉)
+ sinβ
(
T 2 |V, a〉+ TR |V, b〉+R2eiϕ |V, a〉 − TReiϕ |V, b〉)]
|ψ1〉 =
(
T 2 + eiϕR2
)
(cosβ |H, a〉+ sinβ |V, a〉)
+TR
(
1− eiϕ) (cosβ |H, b〉+ sinβ |V, b〉) .
In the limit of T = R = 1/
√
2 i.e. 50/50 beam splitter and β = pi/4 i.e. for an
initial state |ψ0〉 = 1/
√








(|H, a〉+ |V, a〉) + (1− eiϕ) (|H, b〉+ |V, b〉)] .
The operational definition of interferometric visibility is given by
V = Pamax − Pamin
Pamax + Pamin
, (3.1)
where the maximum probability, Pamax and the minimum probability, Pamin for
Da are optimised with respect to the phase difference, ϕ. The visibility calculated
using the probability of either of the two detectors yield the same results. For
the which-way information, the second beam splitter, BS2 is removed from the
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Figure 3.1: The schematic diagram of an ideal MZI. To demonstrate the
complementarity principle, the transmission and reflection coefficient of beam
splitter BS1 can be changed from 100/0, 50/50 and to 0/100. We study how
the predictability and visibility changes with beam splitters of different trans-
mission properties.
MZI setup. Then, the predictability is defined as
P = |Pa − Pb| . (3.2)
where Pa(b) is the probability of detection by Da(b).
The complementarity inequality is given by P2 + V2 ≤ 1 [57, 58] where pre-
dictability quantifies the photon path information related to the particle picture
of the photon. On the other hand, the visibility describes the interference con-
trast related to the wave picture of the photon. Hence, the complementarity
inequality can be interpreted as a statement of wave-particle duality where we
observed that full wave and particle behaviour of the photons are mutually ex-
clusive.
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For an ideal MZI as shown in Fig. 3.1, the complementarity inequality is always
saturated i.e. P2 + V2 = 1 for any T/R values. The parameterisation of the
transimission and reflection coefficient is given by T = cos θ and R = sin θ where
the Jones matrix [59, 60] describing the beam splitter is given by
MˆBS(θ) =
cos θ sin θ
sin θ − cos θ
 ,
in the path basis and the condition, T 2 +R2 = 1. Extending to the polarisation
and path basis, we have
MˆBS(θ) =

cos θ sin θ 0 0
sin θ − cos θ 0 0
0 0 cos θ sin θ
0 0 sin θ − cos θ

, (3.3)
where the block diagonals are for the H and V polarisation of the photon respec-
tively. From Eqn. (3.3), the limit of θ = 0 refers to full transmission, θ = pi/4
refers to 50/50 beam splitters while θ = pi/2 refers to a mirror. For a mirror,
R = 1 or a transparent glass, T = 1, we have P = 1 and V = 0. Physically,
for R = 1 or T = 1, we have the full which-way information of the photon path
thereby giving rise to P = 1. On the other hand, for balanced beam splitter
R = T = 1/
√
2, i.e. for θ = pi/4, we have P = 0 and V = 1. This is due to the
lack of path information caused by the balanced beam splitter. The saturation
of the complementarity inequality is illustrated in Fig. 3.2. However, in the
presence of amplitude damping decoherence, the complementarity principle is
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no longer saturated for all T/R as we shall see in the next section.
Figure 3.2: The figure shows P2 (red), V2 (blue) and P2 + V2 (green) for
different beam splitter parameter θ. For a full transmission beam splitter (θ =
0) and a full reflective beam splitter (θ = pi/2), P = 1 and V = 0. On the
other hand, for a 50/50 beam splitter (θ = pi/4) MZI, P = 0 and V = 1.
3.2 Mach-Zehnder Interferometer with Amplitude Damp-
ing Channel
In the presence of amplitude damping channel, a schematic diagram of the MZI
is shown in Fig. 3.3. We consider the initial state of |ψ0〉 = 1√2(|H, a〉+ |V, a〉).
Due to the decoherence channel, the output state is no longer a pure state but
a mixed state. See Appendix A for more details.
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Figure 3.3: The schematic diagram of a MZI with the presence of amplitude
damping decoherence channel in one of the interferometer arm.
The complementarity principle can be observed in Fig. 3.4 (a) for d = 0.4.
In the presence of the amplitude damping decoherence channel, we found that
the complementarity inequality is no longer saturated i.e. P2 + V2 < 1 for all
instances except θ = 0 and θ = pi/2, where the a priori information regarding
the beam splitter reveals the full photon path information. Therefore, P2 = 1.
For a higher decoherence magnitude, d = 0.8, the complementarity is plotted in
Fig. 3.4 (b). Similar to the case of d = 0.4, the complementarity inequality is not
saturated. An identical behaviour is found for both P2 and V2 with V2 peaking
at θ = pi/4 while P2 = 1 at θ = 0 and pi. Due to the stronger decoherence
magnitude, the visibility is lower compared to the previous case of d = 0.4.
In the presence of amplitude damping decoherence, we observe a degradation of
the visibility for both d = 0.4 and d = 0.8 with a more severe degradation for d =
0.8 due to its stronger decoherence magnitude. Hence, an amplitude damping
decoherence suppression scheme is required in order to recover the coherence of
21
Chapter 3. Weak Measurement Scheme for Mach-Zehnder Interferometer
Figure 3.4: The figure shows P2 (red), V2 (blue) and P2 + V2 (green) for
d = 0.4 and d = 0.8. The lines are guides for the eyes. (a) d = 0.4. At both
ends of θ = 0 and θ = pi/2, we found that P2 = 1. On the other hand, for
θ = pi/4, P2 = 0 and V2 = 0.79. (b) d = 0.8. At both ends of θ = 0 and
θ = pi/2, we observed that P2 = 1. On the other hand, for θ = pi/4, P2 = 0
and V2 = 0.52.
the two interferometer arm thereby recovering the interferometric visibility of
the MZI. In the next section, we shall discuss the two configurations of the weak
measurement and measurement reversal in order to study the effectiveness of the
scheme in suppressing the amplitude damping decoherence in MZI.
3.3 Weak Measurement Scheme in Mach-Zehnder In-
terferometer
The presence of the amplitude damping channel can cause a degradation in
the visibility due to the coherence between the interferometric arm being af-
fected. In this section, we investigate the effectiveness of two configurations of
weak measurement and measurement reversal in suppressing amplitude damp-
ing decoherence in MZI by numerically simulating the two configurations of weak
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measurement scheme and calculate the interferometric visibility for each config-
uration. We focus on the θ = pi/4 which is affected most by the amplitude
damping decoherence in the MZI. Here, we focus mainly on the same initial
state in Section 3.2, i.e. |ψ0〉 = 1/
√
2(|H, a〉+ |V, a〉) for β = pi/4.
Contrary to the single mode weak measurement and measurement reversal Kraus
operators, some modifications on the Kraus operators is required for weak mea-
surement and measurement reversal in a MZI. The modifications on the Kraus
operator for two-mode weak measurement and measurement reversal are dis-
cussed in detailed in Appendix B.
3.3.1 Configuration 1: Weak measurement and measurement re-
versal in one arm
To investigate the implementation of the weak measurement scheme in MZI,
the first configuration of the weak measurement and measurement reversal is
shown by the schematic diagram in Fig. 3.5. Both the weak measurement and
measurement reversal are placed in the same interferometer arm as the amplitude
damping channel.
3.3.1.1 Configuration 1 with restriction
Drawing inspiration from the Ref. [1], the measurement reversal parameter is
given by p¯ = p + d(1 − p). With this restriction on the measurement reversal
parameter, the predictability and visibility are studied for discrete values of weak
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Figure 3.5: The figure shows the schematic diagram of the implementation
of weak measurement and measurement reversal scheme in a MZI. Both the
weak measurement and measurement reversal are implemented in the same
interferometer arm as the amplitude decoherence channel.
measurement parameter within the range of 0 ≤ p < 1. The interval for the weak
measurement parameter takes the value of 1/30.
For d = 0.4, the results for the quantities P2, V2 and P2 +V2 are plotted in Fig.
3.6 (a). A decay in V2 is observed here while P2 is found to increase with p. At
p = 0, the P2 and V2 values in Fig. 3.6 (a) and Fig. 3.4 are different due to the
fact that here, the measurement reversal p¯ = d, while p¯ = 0 for the results in
Fig. 3.4.
Figure 3.6: The results shows that V2 (blue) degrades while P2 (red) increases
with increasing p. An increase in P2 +V2 is due to a drastic increase for P2 in
contrast to the decay in V2. The decoherence parameters are (a) d = 0.4 and
(b) d = 0.8. The lines are guide for the eyes.
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The results obtained is not unique to d = 0.4, but is a general feature for all
decoherence parameter, 0 < d < 1. As an example, Fig. 3.6 (b) shows the results
for d = 0.8 where a similar trend for P2 and V2 are observed. The decay in V2
is due to the degradation of the coherence between the two interferometer arms.
The partial projection of weak measurement and reverse measurement causes an
imbalance in the amplitude between the two interferometer arms. As a result of
the imbalance, the coherence of the two interferometer arms of MZI is afffected
thereby causing a severe decline in the visibility for larger p values. The partial
information of the photon path gained from the partial projection of the weak
measurement manifests itself in the increased in P2. Hence, our results show
that the implementation of the weak measurement scheme in this configuration
with the measurement reversal parameter given by Ref. [1], failed to improve
V2. Next, we relax the restriction for the measurement reversal parameter.
3.3.1.2 Configuration 1 without restriction
In order for the weak measurement scheme to be able to overcome the amplitude
damping decoherence, the restriction of p¯ = p + d(1 − p) is relaxed. Both p
and p¯ are allowed to vary freely as independent parameters from 0 to 1 with an
interval of 0.02. Here, instead of plotting the predictability and visibility for all
combinations of p and p¯, a numerical search for the optimal combination of p
and p¯ which give rise to the best improved visibility was done. For 0 ≤ d < 1
with an interval of 0.05, V 2 is calculated for different combinations of p and p¯
where the optimal combinations are listed in Table 3.1.
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decoherence, d weak measurement, p measurement reversal p¯ visibility, ∆V 2
0 0 0 0
0.05 0.02 0.06 0.000690698
0.1 0.04 0.12 0.00252161
0.15 0.04 0.18 0.0052017
0.2 0.04 0.22 0.00847099
0.25 0.02 0.26 0.0121548
0.3 0.02 0.3 0.0161145
0.35 0 0.34 0.0201885
0.4 0 0.38 0.024153
0.45 0 0.4 0.027885
0.5 0 0.42 0.0311726
0.55 0 0.44 0.0338436
0.6 0 0.44 0.0357752
0.65 0 0.46 0.0367147
0.7 0 0.46 0.0365424
0.75 0.5 0.12 0.0374968
0.8 0.64 0.02 0.0460578
0.85 0.72 0.02 0.0578012
0.9 0.8 0.02 0.0743435
0.95 0.9 0.02 0.100646
1 1 0.02 0.191422
Table 3.1: The optimal weak measurement and measurement reversal param-
eters are listed for different decoherence parameters. ∆V2 = V2 − V20 are also
calculated where V2 is the interferometric visibility for the optimal p and p¯.
The interferometric visibility, V20 for an MZI with amplitude damping channel
in the absence of both weak measurement and measurement reversal as the
benchmark for comparisons.
From Table 3.1, a summary of the optimal combination of weak measurement
and measurement reversal parameters can be found:
• For d < 0.75, the optimal combination is given by p ≈ 0 and p¯ 6= 0.
• For d ≈ 0.75, p increases while p¯→ 0.
• For d > 0.75, the optimal combination is given by p 6= 0 and p¯ ≈ 0.
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The optimal parameters can be understood by considering the measurement re-
versal as a method to correct for the effects of amplitude damping decoherence
channel. Hence, for d < 0.75, the amplitude damping decoherence is not too se-
vere that the measurement reversal can sufficiently correct for the decoherence.
On the other hand, for d ≈ 0.75, we find an increase in the weak measure-
ment while the measurement reversal decreases rapidly. This is due to the fact
that the measurement reversal is no longer effective in correcting the amplitude
damping decoherence. Thus, weak measurement is required to suppress the ef-
fects of amplitude damping channel by removing the states that are susceptible
to the amplitude damping channel. As both the weak measurement and mea-
surement reversal cause a loss of signal from the MZI, they are two competing
factors which are effective in different decoherence regime. To illustrate how the
optimal combination of weak measurement and measurement reversal changes
with different decoherence parameter, d, the improvement in the interferometric
visibility, ∆V2 = V2 − V20 , is plotted against d in Fig. 3.7. Our results show
that by relaxing the restriction imposed on the measurement reversal, the weak
measurement scheme is able to improve the interferometric visibility of the MZI
with decoherence. In the regime of d < 0.75, the weak measurement is more
effective while the measurement reversal is more effective for coherence recovery
in the regime of d > 0.75. Hence, only one of the weak measurements or the
measurement reversal is required in both regimes contrary to the results in [1].
Finally, one has also notice that in the regime of severe decoherence, while one
observes a slight improvement in V2 the visibility is still very much affected with
V2 < 0.7 for d > 0.6.
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Figure 3.7: The plot of ∆V 2 against d shows a kink at d ≈ 0.75. This
coincides with the point where the measurement reversal is no longer effective
in correcting the amplitude damping decoherence. The visibility here is reduced
further due to the stronger decoherence. The line is guide for the eyes.
3.3.2 Configuration 2: Equal Weak measurement and reverse
measurement in both arms
A second configuration is studied for an experimental setup with weak measure-
ment and measurement reversal on both interferometer arms of the MZI. The
schematic diagram is shown in Fig. 3.8 where the weak measurement and mea-
surement reversal in both interferometer arms are assumed to be identical to
each other for simplicity, i.e. p1 = p2 = p and p¯1 = p¯2 = p¯. The interferometric
visibility and predictability are found and plotted in Fig. 3.9 (a) for d = 0.4 and
Fig. 3.9 (b) for d = 0.8. In this case, we retain the restriction of p¯ = p+d(1−p).
The presence of identical weak measurement and measurement reversal in the
second interferometer arm compensates for the signal loss in the first arm. As
p→ 1, the states are becoming less and less susceptible to the amplitude damp-
ing channel. As a result, the coherence between the two interferometer arms are
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Figure 3.8: The schematic diagram for the experimental setup for the im-
plementation of weak measurement and measurement reversal in a MZI with
amplitude damping channel. The weak measurement and measurement rever-
sal in both interferometer arms are identical to each other in this setup.
Figure 3.9: V2 (blue) is found to increase with p in this configuration of
weak measurement and measurement reversal for both cases of (a) d = 0.4
and (b) d = 0.8. The lower interferometric visibility for d = 0.8 is due to the
more severe amplitude damping channel. On the other hand, P2 (red) while
increases with p, remains below 0.25 due to the presence of weak measurement
in the other arm that compensates for the amplitude imbalance. As a result,
P2 + V2 also increases with p. The introduction of the weak measurement
and measurement reversal in both paths suppresses the amplitude damping
decoherence. The lines are guides for the eyes.
maintained. This results in an increase of the interferometric visibility with p
as seen in Fig. 3.8. In summary, our results have shown that the weak mea-
surement and measurement reversal scheme in configuration 2 can effectively
suppress the effects of amplitude damping channel in MZI. On the other hand,
while the weak measurement scheme in configuration 1 with restriction does not
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improve the interferometric visibility, relaxing the restriction on p¯ could effect
in a slight improvement of up to approximately 15% for the visibility. Thus far,
we have focused only on the initial state where β = pi/4. A natural question to
ask is whether an optimal combination of p and p¯ can be found for any arbitrary
initial state, β? We address this question in the next section where we relax the
assumption of β for d = 0.4 and d = 0.8 respectively.
3.4 Numerical Simulation of Mach-Zehnder Interfer-
ometer with Generic Initial State
In the previous sections, our study of the weak measurement focuses on the ini-
tial state of β = pi/4. However, as the amplitude damping channel is polarisation
dependent, we expect the interferometric visibility to also be polarisation depen-
dent. Since only the vertically polarised photon is affected by the amplitude
damping channel, we observe a decay of V2 in Fig. 3.10 as the amplitude for the
vertically polarised photon increases with β. Fig. 3.10 shows that a more drastic
decline in the visibility is observed for d = 0.8 compared d = 0.4. To study
the effects of the initial state on the implementation of the weak measurement
scheme, we perform a numerical search for the optimal combinations of p and p¯
to yield the highest V2 value. The numerical search performed here is identical
to that done in section 3.3.1.2. See Appendix C for the list of optimal values of
p, p¯ and the corresponding V2 values for the different values of β. To validate
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Figure 3.10: V2 is plotted against β for (a) d = 0.4 and (b) d = 0.8. With
weak measurement, p and measurement reversal p¯, where both are indepen-
dent parameters, the maximum threshold V2 (red triangle and red diamond)
is found to be higher compared to V2 in the absence of weak measurement and
measurement reversal (blue circle and blue square). A numerical search done
identical to section 3.3.1.2 is done to find the optimal V2, p and p¯. The lines
are guides for the eyes.
our results in Fig. 3.10, we demonstrate that the complementarity principle is
not violated by plotting V2 + P2 in Fig. 3.11.
Figure 3.11: V2 +P2 is plotted against β for (a) d = 0.4 and (b) d = 0.8. We
calculate the predictability squared, P2 with identical weak measurement and
measurement reversal parameters with the parameters used in Fig. 3.10. Sim-
ilar to the case of visibility, we observe that V2 +P2 is higher for the case with
weak measurement and measurement reversal (red triangle and red diamond)
compared to the case in the absence of weak measurement and measurement
reversal (blue circle and blue square). The lines are guides for the eyes.
31
Chapter 3. Weak Measurement Scheme for Mach-Zehnder Interferometer
The inclusion of weak measurement and measurement reversal shows an improve-
ment in the interferometric visibility. A non-monotonic behaviour is observed for
V2 in the presence of weak and reverse measurement in Fig. 3.10. In the regime
of low probability amplitude for vertically polarised photon, only the weak mea-
surement is required to remove the small portion of vertically polarised photon
from the system to gain an improvement of the interferometric visibility i.e.
p¯ ≈ 0. However, for high probability amplitude, removing the vertically po-
larised photon states is no longer an option as the amount of signal loss is too
high. Hence, in this regime, the optimal approach is to only have measurement
reversal, i.e. p ≈ 0. The transition between the two regimes is decoherence
dependent due to the results obtained in section 3.3.1.2.
Our numerical simulation demonstrates that an optimal combination of p and
p¯ can be found to improve the interferometric visibility for any arbitrary initial
state and for any decoherence parameter of 0 < d < 1 since both d = 0.4 and
d = 0.8 exhibits a similar behaviour. In the next chapter, we shall discuss the
implementation of weak measurement and measurement reversal scheme and








In the previous chapter, we studied the effectiveness of the weak measurement
and measurement reversal scheme in MZI with amplitude damping channel in one
of the interferometer arms. Our numerical simulation suggests that the scheme
implemented in the correct configuration is promising in combating amplitude
damping decoherence in MZI. We can now extend our study by investigating
its applicability with MZI in delayed-choice setting. The delayed-choice exper-
iments was first proposed as a thought experiment by John Archibald Wheeler
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in 1978 [52]. The central idea of a delayed-choice experiment is that the mea-
surement of the experiment setup is determined after the photon is detected by
the detector, i.e. the photon does not know whether the experiment setup is for
predictability or visibility measurement prior to arriving at the photodetector.
In recent years, there are several delayed-choice experiments [2, 50, 51] done. An
experiment of particular interest is Ref. [2], where the experiment is performed
with polarisation-entangled photons in a MZI with the output beam splitter be-
ing replaced by a quantum beam splitter. One of the entangled photons acts
as the test photon while the other acts as the corroborative photon, allowing
the manipulation of the polarisation of the test photon. They demonstrated
experimentally the wave-particle behaviour of the test photon and showed its
behaviour can continuously change from wave-like behaviour to particle-like be-
haviour and vice versa via the rotation of the corroborative photon polarisation.
We briefly discuss the experimental setup and subsequently propose a modified
experimental setup to investigate the effects of weak measurement and measure-
ment reversal scheme in delayed-choice MZI.
4.1 The Ideal Delayed-choice Experiment
In this section, we discuss the original experiment performed in Ref. [2] where
they implemented a delayed-choice MZI experiment by utilising an entangled
photon pair while replacing the second beam splitter in the MZI with a quantum
beam splitter (QBS). The schematic diagram of the experiment is shown in Fig.
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4.1. The QBS consists of a polarisation-dependent beam splitter (PDBS) and
two PBS oriented at 45◦ to the linear polarisation basis.
Figure 4.1: On the right, we have part (i) of the delayed-choice experimental
setup i.e. a MZI with the second beam splitter being replaced by QBS. On
the left, we have the corroborative setup with a delay in order to ensure that
the detection of the corroborative photon is done after the detection of the
test photon in part (i). Depending on the polarisation of the corroborative
photon controlled by the EOM, the test setup can morph from visibility to
predictability measurement.
The experiment setup is split into two parts: (i) the MZI with QBS on the right,
and (ii) the corroborative setup on the left. The goal of part (i) is to perform a
predictability measurement when the photon is horizontally polarised and per-
form a visibility measurement when the photon is vertically polarised. This is
done with the QBS such that the MZI is open when the photon is horizontally
polarised due to the fact that the PDBS acts as a mirror for horizontally po-
larised photon. This means that effectively there is only a single beam splitter
in the experimental setup. On the other hand, the MZI is closed i.e. the PDBS
acts as the second beam splitter when the photon is vertically polarised. Since
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the state of the interferometer is unknown due to the mixing of photon polari-
sation by the two PBS in the QBS, we require the corroborative setup in part
(ii) together with the entanglement properties of the photons to determine the
nature of the MZI measurement.
In part (ii) we have an electro-optic modulator (EOM) which acts to rotate the
polarisation of the corroborative photon. Hence, by continously changing the
polarisation of the corroborative photon of a maximally entangled photon pair
and detecting it in linear polarisation basis, the polarisation of the test photon
will be rotated. As a result, we have a continous change in the particle-wave
behaviour of the test photon. Note that a delay is placed before the EOM
to ensure that the corroborative photon is detected after the measurement is
done on the test photon. This means that the nature of the experiment is only
determined after the measurement of test photon is carried out. To understand
the experiment better, let us take a closer look at the PDBS and subsequently
the QBS.
4.1.1 The Polarisation-dependent Beam Splitter
Consisting of several bulk optics elements, the PDBS is designed such that it
acts as a mirror when the incident photon is horizontally polarised while for
vertically polarised photon, the PDBS acts as a standard beam splitter. To
achieve that, we require a standard beam splitter together with 4 PBS arranged
in the following setup.
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Figure 4.2: Polarisation-dependent beam splitter schematic diagram. The
arrangement of the 4 PBS is such that the horizontally polarised photon is
reflected and bypass the beam splitter in the middle. On the other hand,
the vertically polarised photon is transmitted and split into two paths by the
beam splitter in the middle. Hence, effectively the setup acts as a mirror
for horizontally polarised photon and a balanced beam splitter for vertically
polarised photon.
Here, the PBS are oriented along the linear polarisation basis and placed such
that horizontally polarised photons are reflected while vertically polarised pho-
tons are transmitted. Hence, the reflected photons bypass the beam splitter in
the middle. Effectively, the horizontally polarised photons are reflected by the
PDBS. On the other hand, the vertically polarised photon which are transmitted
will then be incident on the standard beam splitter and split into two paths. To
understand the action of the PDBS, consider an incident photon that is hori-
zontally polarised. Denoting the horizontal path as path 1 and vertical path as
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path 2, we have
|H, 1〉 PBS1−−−−→ |H, 2〉
mirror−−−−→ |H, 1〉
PBS2−−−−→ |H, 2〉 ,
such that the incident horizontally polarised photon at input port of PBS1 will
be detected at the output port of PBS2. Similarly, for a horizontally polarised
photon injected at the input port of PBS4, the photon will then be detected at
the output port of PBS3. On the other hand, for a vertically polarised photon
at the input port of PBS1, we have
|V, 1〉 PBS1−−−−→ |V, 1〉
BS−−→ 1
2
(|V, 1〉+ |V, 2〉)
PBS2,PBS3−−−−−−−−→ 1
2
(|V, 1〉+ |V, 2〉) ,
where there is 0.5 probability the photon will be detected at output port of PBS2
and PBS3 respectively. The same outcome is obtained for a vertically polarised
photon at the input port of PBS4.
Hence, with four PBS and a beam splitter setup as shown in Fig. 4.2, we have
an effective PDBS that is 0/100 beam splitter i.e. a mirror, for horizontally
polarised photons and a 50/50 beam splitter for vertically polarised photons.
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4.1.2 The Quantum Beam Splitter
The QBS is a beam splitter which is in a superposition of being absent and
present in the experimental setup. It is modelled by the controlled unitary
operator,
MˆQBS = |H〉 〈H| ⊗ 1 + |V 〉 〈V | ⊗ MˆBS,







Hence, the behaviour of the QBS is determined by the polarisation state of the
photon. For an input photon with a superposition state of H and V polarisation,
the QBS is then in a superposition of being absent (1) and present (MˆBS). Fig.
Figure 4.3: Schematic diagram for quantum beam splitter. For an initial state
that is in a superposition of horizontally and vertically polarised photon, the
state of the PDBS is then a superposition of the beam splitter being absent and
present depending on the photon polarisation. The green colour of the two PBS
indicates that they are orientated at 45◦cause a mixing of the horizontal and
vertical polarisation thereby erasing the polarisation information. Together,
they form the quantum beam splitter.
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4.3 shows the schematic figure of the implementation of QBS, there are two
stages, (i) a PDBS and (ii) PBS at 45◦ to the H/V basis to erase the polarisation
information of the test photons at the output of the PDBS. Due to the erasure
of polarisation information of test photons, we require the corroborative photon
to determine the behaviour of the test photons and the MZI measurement. Now,
we are ready to understand the results of the ideal delayed-choice experiment in
the next section.
4.1.3 Results of Ideal Delayed-Choice Experiment
The input photon pair is a maximally entangled described by
|ψ0〉 = 1
2















where |0〉 is the vacuum state and one photon acts as the test photon while the
other acts as the corroborative photon. The creation operator
ˆ
i†j represents the
creation of a photon in path i and polarisation j. Here, the path refers to the
path a and b in Fig. 4.1 while the polarisation of the photon is restricted to
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The operator Pˆ † is the creation operator for the photon exhibiting particle be-
haviour i.e. no interference is attained. On the other hand, Wˆ † is the creation
operator for the photon exhibiting wave behaviour as interference is obtained
as seen from the detection probabilities in Eqn. 4.3b. For Eqn. 4.3a and 4.3b,
the creation operator of iˆ†, where i consists of a, a′, b and b′, represents the cre-
ation of a photon at one of the detectors Da, Da′ , Db and Db′ . Hence, from Eqn.
4.2, we observe that interference only occur for vertically polarised corroborative
photon, i.e. visibility measurement. On the other hand, the photon exhibiting
particle behaviour is observed only for horizontally polarised corroborative pho-
ton. The creation operators, Pˆ † and Wˆ † in Eqn. 4.3a and 4.3b does not contain
any photon polarisation information due to the erasure of the polarisation infor-
mation by the PBS of the QBS. As a result, particle-wave behaviour of the test
photon is determined solely from the corroborative photon polarisation.
With the EOM on the corroborative setup, the polarisation of the corroborative
photon can be rotated giving rise to the overall state of












cosαWˆ † + sinαPˆ †
)]
|0〉 , (4.4)
where intermediate behaviour of the wave-like and particle-like behaviour can
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be observed. Here, for visibility, the measurement of interest is the coincidence
probabilities of detectors DH and (Da⊕Da′). We denoted the coincidence prob-
ability here as p. Subsequently, we have the standard definition for the visibility





where pmax and pmin gives the maximum and minimum coincidence probability
respectively.
On the other hand, for predictability measurements, one of the interferometer
arms is blocked while the measurement is being carried out. To illustrate this,
first block the interferometer arm a and measure the coincidence probabilities
of DH and (Da ⊕ Da′) and of DH and (Db ⊕ Db′). Similar to the coincidence
probability for the visibility measurement, we denoted the coincidence probabil-
ities here as paa and pab, where pij means that we block the path i and detect
the photon at the detectors along path j and j′. Subsequently, we block the
other interferometer arm b and measure the coincidence probabilities of DH and
(Da⊕Da′) and DH and of (Db⊕Db′). The coincidence probabilities are then de-

















From the definitions in Eqn. 4.5 and 4.6, we can plot the results for P 2, V 2 and
P 2 + V 2 in Fig. 4.4 (a). A comparison with Fig. 4B in Ref. [2] shows that the
results we obtained for P 2, V 2 and P 2 + V 2 are markedly different. We believe
that the authors have plotted P , V and P + V instead. Fig. 4.4 (b) shows our
simulation results for P , V and P + V which is indeed identical to the results of
Ref. [2].
Figure 4.4: (a) The results for P 2, V 2 and P 2 + V 2. We believe that the
results obtained by our numerical simulation is different from Fig. 4B in Ref.
[2] due to the fact that the authors plotted P , V and P + V instead [3]. (b)
A plot for P , V and P + V is identical to Fig. 4B of Ref. [2]. The lines are
guides for the eyes.
The experiment done by Kaiser et al. has demonstrated a quantum delayed-
choice experiment with polarisation-entangled photon pair with quantum beam
splitter where the state of the quantum beam splitter is determined by detec-
tion of the corroborative photon after the detection of the test photon. This
means that during the detection of the photon, we do not know if the setup is
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a predictability or a visibility measurement. Having understood the experimen-
tal setup, we shall proposed a modified delayed-choice experiment in the next
section.
4.2 Weak Measurement and Measurement Reversal
in Delayed-choice Experiment
In the previous sections, we have briefly reviewed the delayed-choice experiment
by Kaiser et al. which showed that the wave-particle duality behaviour of the
photon is an intrinsic quantum behaviour [2]. In order to test the weak mea-
surement and measurement reversal scheme in a delayed-choice setting, we nu-
merically study a modified experimental setup by inserting weak measurements,
amplitude damping channels and measurement reversals in both interferometer
arms of the MZI in part (i) of the setup.
For simplicity, we assume identical amplitude damping decoherence, d, weak
measurement, p and measurement reversal, p¯ in both interferometer arms. In
addition, the measurement reversal parameter is given by p¯ = p+d(1−p). With
the predictability and visibility given by Eqn. (4.5) and (4.6), we can calculate
the predictability and visibility for the modified delayed-choice experiment. We
simulate the system with the amplitude damping decoherence parameters of
d = 0.4 and d = 0.8 for comparison. There are four different values of weak
measurement parameters taken into account, i.e. p = 0, 0.3, 0.7 and 0.9. The
simulations was done for different EOM rotational angles, α with an interval of
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Figure 4.5: The schematic diagram of the delayed-choice experimental setup
with the addition of weak measurements, amplitude damping channels and
measurement reversals. The implementation of the weak measurement, ampli-
tude damping channel and measurement reversal are identical to the setups in
the previous chapter.
pi/100 from α = 0 to α = pi/2. Visibilities calculated from the simulation of the
setup with amplitude damping channel were then compared with the visibility
of an ideal delayed-choice experiment in Fig. 4.6. Comparisons between these
cases enable us to understand how the effectiveness of the scheme with restriction
on measurement reversal parameter, p¯ changes with different weak measurement
parameter, p.
We observe that, in general, the smaller the value of p, the further away the
visibilities are from the visibility of the ideal setup. For small α values, since the
photon behaviour is mainly particle-like, we have V ≈ 0. Hence, the deviation
of the visibilities for different values of d and p from the ideal delayed-choice
experiment visibility are small. As α increases, the wave-like behaviour of the
45
Chapter 4. Weak Measurement and Measurement Reversal Scheme for
Delayed-Choice Mach-Zehnder Interferometer
Figure 4.6: V 2 plotted for d = 0.4 with p = 0 (green circle), p = 0.3 (blue
square), p = 0.7 (black triangle) and p = 0.9 (orange diamond). V 20 for an
ideal delayed-choice experiment (hollow circle) is also plotted for comparisons.
The larger the values for p, the closer V 2 is to V0.
photon causes an increase in the visibility. The effects of the amplitude damping
channel, weak measurement and measurement reversal becomes more prominent
as observed in the increased in deviations of the visibilities. Finally, at α = pi/2
when the photon fully exhibit wave-like behaviour, the visibilities for different p
are distinctly different from each other. The reason for the larger deviations as α
increases is due to the implementation of the amplitude damping channel where
the horizontally polarised photon (particle-like) is unaffected while the vertically
polarised photon undergoes amplitude damping. From Fig. 4.6, it is observed
clearly that the scheme is more effective in suppressing the effects of amplitude
damping channel with larger values of p, i.e. as p→ 1, V → V0 where V0 is the
visibililty for the ideal setup.
Furthermore, the predictability can also be plotted for different α as shown in Fig.
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Figure 4.7: The P 2 plotted for d = 0.4 with p = 0 (green circle), p = 0.3 (blue
square), p = 0.7 (black triangle) and p = 0.9 (orange diamond). The results
for P 2 for an ideal delayed-choice experiment (hollow circle) is also plotted for
comparisons. The larger the values for p, the closer P 2 is to P 20 .
4.7. Similar to the visibility, the effects of the amplitude damping decoherence is
negligible for small α values. In the same regime, the effects of weak measurement
and measurement reversal are also negligible. Conversely, in the other end of the
regime where the test photon exhibit wave-like behaviour, the effects of amplitude
damping decoherence are more profound albeit with a smaller deviation from
the benchmark predictability compared to the deviation observed in visibility
measurement. The difference is due to the fact that coherence between the two
MZI arms is essential for visibility measurement while one of the path is blocked
for the predictability measurement. We observe that higher values of p is more
effective in suppressing the amplitude damping decoherence in similar fashion
to the conclusion obtained from the visibility measurement, i.e. we have p→ 1,
P → P0 where P0 is the predictability for the ideal setup. Hence, the results
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of the predictability measurement are consistent with the qualitative feature of
the visibility measurements, placing further emphasis on the effectiveness of the
scheme in suppressing amplitude damping decoherence.
Figure 4.8: C2 = P 2 + V 2 plotted for d = 0.4 with p = 0 (green circle),
p = 0.3 (blue square), p = 0.7 (black triangle) and p = 0.9 (orange diamond).
C20 for an ideal delayed-choice experiment (hollow circle) is also plotted for
comparisons. The larger the values for p, the closer C2 is to C0.
We plot the results of C2 = P 2 + V 2 in Fig. 4.8. The plot of C2 further
demonstrate that the amplitude damping channel, weak measurement and mea-
surement reversal plays a more striking role in the regime of high α values i.e.
as α > pi/4. On the other hand, in the regime of small α values, their effects are
negligible with only small changes to P 2, V 2 and C2. Undoubtedly, as p→ 1, the
weak measurement and measurement reversal scheme is effective in suppressing
the amplitude damping decoherence in the setup, as illustrated in Fig. 4.6, 4.7
and 4.8.
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Having established that the implementation of weak measurement and measure-
ment reversal scheme is capable of suppressing the amplitude damping channel
with d = 0.4, the next logical question to ask is what is the optimal p for different
values of d. To answer this question, a numerical simulation was done for differ-
ent decoherence magnitude d for all values of p. Considering only at α = pi/2,
we calculate the value of ∆V 2 = V 20 − V 2. For a threshold of ∆V 2 ≤ 0.05, the
minimum required values of p for d = 0, 0.05, 0.1, 0.3, 0.5, 0.7 and 0.9 are found
numerically. The results of the numerical search can then be plotted in Fig.
4.9. The blue curve is obtained by performing a curve fitting to the numeri-
cal results (data points in red). The relationship between d and p is given by
p = 0.503 tan−1(19.272d− 0.435) + 0.206.
We have found that the minimum required weak measurement parameter, pmin
for ∆V 2 ≤ 0.05 exhibit a drastic increase to pmin = 0.9 at d = 0.3. The re-
sults suggests that there is a trade-off between the suppression of the amplitude
damping decoherence with the loss of signal due to the weak measurement and
measurement reversal. With a larger threshold for ∆V 2, the requirement for
pmin is less stringent, i.e. the signal loss can be reduced if lower visibilities can
be tolerated.
In this chapter, we discussed the results of an ideal delayed-choice MZI experi-
ment by Kaiser et. al.. Subsequently, we proposed and demonstrated in numer-
ical simulation the implementation of the weak measurement and measurement
reversal scheme in a MZI in a delayed-choice setting that is essentially a modified
version of the delayed-choice MZI experiment. In our numerical simulation, the
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Figure 4.9: With a threshold of ∆V 2 ≤ 0.05, at d = 0.1, pmin = 0.7, while
pmin = 0.9 for d = 0.3. This suggests that the minimum required weak mea-
surement parameter saturates rapidly with decoherence magnitude. Our re-
sults demonstrates that while the weak measurement and measurement rever-
sal scheme is effective in suppressing the amplitude damping decoherence, it
comes at a cost of reduced detection signal particularly for d ≥ 0.1. Thus,
the weak measurement and measurement reversal scheme is only applicable in
weak decoherence regime i.e. d < 0.1.
weak measurement and measurement reversal scheme is found to be effective in
suppressing the amplitude damping decoherence. This is observed from the re-
covery of the visibility and predictability as compared to that of the ideal setup.
However, the suppression of the amplitude damping decoherence is achieved at
a cost of signal loss due to the partial projections of both the weak measure-
ment and measurement reversal. Finally, we numerically search for the optimal
weak measurement parameter required to suppress the amplitude damping chan-
nel such that the difference between the interferometric visibility and the ideal
visibility is given by ∆V 2 ≤ 0.5. As a result, the optimal weak measurement




There have been several proposals and experiments demonstrating that the weak
measurement and measurement reversal scheme is an effective way to overcome
amplitude damping decoherence thereby recovering the concurrence of an en-
tangled photon pair. We review the scheme implemented by Y-S Kim et al. in
linear optics systems where the weak measurement, measurement reversal and
amplitude damping channel are simulated in experiment with photon polarisa-
tion. Their results suggest that the implementation of the weak measurement
and measurement reversal protocol is effective for entangled photon pair. We ex-
tend their results to implementation in MZI. To have a quantitative measure of
the effectiveness of the weak measurement and measurement reversal in combat-
ing amplitude damping decoherence, we simulate the interferometric visibilities
of the MZI in the presence of weak measurement and measurement reversal.
An effective scheme to suppress the effects of amplitude damping channel must
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be able to recover the visibilities of an ideal MZI without amplitude damping
channel.
In a MZI, the degree of freedom is no longer restricted to photon polarisation.
With an additional degree of freedom, namely photon path, the amplitude damp-
ing channel can be implemented in either one of the interferometer arm or both
arms. We study two possible configurations for the weak measurement and mea-
surement reversal. For the case of amplitude damping channel in only a single
interferometer arm, we demonstrate that implementing the scheme in the same
interferometer arm as amplitude damping channel can improve the visibilities
by optimising the weak measurement and measurement reversal parameters. We
perform a numerical search of the optimal combination of the parameters for
different decoherence magnitude. In addition, by implementing our scheme in
both arms, we can also suppress the effects of amplitude damping channel. More-
over, our simulations show that our scheme can improve the visibilities for any
arbitrary initial state of the input photon as well as for arbitrary decoherence
magnitude.
Apart from the standard MZI, we extend our results to MZI in delayed-choice
experiment setting. The experiment proposal is identical to the experiment per-
formed by Kaiser et al. with the addition of amplitude damping channel and weak
measurement and measurement reversal scheme in both interferometer arms of
the MZI. Our results show that our scheme is more effective in suppressing the
amplitude damping decoherence with increasing weak measurement parameter.
In addition, from our numerical simulation, we are able to determine the optimal
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weak measurement and measurement reversal parameters for different amplitude
damping decoherence magnitude. We found that the weak measurement param-
eter saturates rapidly with the decoherence magnitude.
Having investigated the effectiveness of the proposed scheme of weak measure-
ment and measurement reversal in combating the amplitude damping channel in
MZI and delayed-choice MZI, it would be interesting to develop a similar scheme
for dephasing channel. Such development would be welcomed in many quantum
information and computing protocol as the dephasing channel is another major
source of decoherence. Also, the implementation of the weak measurement and
measurement reversal scheme in MZI may have potential applications in inter-
action free measurement where only one of the interferometer arm is accessible
similar to our proposed experiment for MZI. The implementation of the scheme
in MZI may also be helpful in revealing additional insight regarding the cheshire
cat paradox.
In conclusion, we have simulated the implementation of weak measurement and
measurement reversal scheme in MZI and delayed-choice MZI, demonstrating
that the scheme can be a handy tool in combating amplitude damping decoher-
ence and improving interferometric visibilities.
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In quantum information protocols, decoherence often leads to a degradation of
quantum coherence which is detrimental to the implementation of the protocols.
There are several types of decoherence channels. Three frequently seen deco-
herence channels are amplitude damping channel, dephasing channel and bit-flip
channel. Here, we shall give a detailed discussion of the amplitude damping
channel and its effect on the quantum state.
Consider a pure state, |ψ〉 = α |H〉+βeiφ |V 〉, where |H〉 denotes the horizontally
polarised photon while |V 〉 denotes the vertically polarised photon. The density
matrix describing the pure state is then given by ρ = |ψ〉 〈ψ|. Here, the ground
state |0〉 is simulated by the horizontally polarised photon |H〉 and the excited
state |1〉 is simulated by the vertically polarised photon |V 〉. Thus, the amplitude
damping channel which describes the process of spontaneous emission, is then
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given by the following mapping:
|0〉S |0〉E −→ |0〉S |0〉E
|1〉S |0〉E −→
√
d |0〉S |1〉E +
√
1− d |1〉S |0〉E ,
where S denotes the system state, E denotes the environment and d gives the
probability of the spontaneous de-excitation. In the Kraus operator form, the


















Hence, upon undergoing the amplitude damping channel, the state is then given
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1− dα∗βeiφ (1− d) |β|2
 .
The output state upon going through the amplitude damping channel is no longer
a pure state.
A.1 Two-Mode Amplitude Damping Channel
In the MZI, there are two degrees of freedom, namely the path and polarisa-
tion degrees of freedom. Subsequently, the amplitude damping channel in the
Kraus operator form must be modified, i.e. the amplitude damping channel may
be implemented in both arms of the interferometer. The two-mode amplitude
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damping channel operators are then given by
MˆD1(d1, d2) =

1 0 0 0
















0 0 0 0
0 0 0 0

,
where d1 gives the decoherence parameter for the amplitude damping channel
on path a while d2 gives the decoherence parameter for the amplitude damping
channel on path b. The Kraus operator for the two-mode amplitude damping





(d1, d2)MˆDk(d1, d2) = 1. Sim-
ilarly, the set of basis states has to include the path degree of freedom, i.e.
{|H, a〉 , |H, b〉 , |V, a〉 , |V, b〉}. The initial state is then given by |ψ〉 = α |H, a〉 +
βeiφ |V, a〉. The density matrix describing the initial state, ρ = |ψ〉 〈ψ|, where
ρ =

|α|2 0 αβ∗e−iφ 0
0 0 0 0
α∗βeiφ 0 |β|2 0
0 0 0 0

.
Similar to the single mode amplitude damping channel, the state at the output
of the amplitude damping decoherence channel contains two terms i.e. ρ′ =
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(d1, d2). For the first term, we have






1 0 0 0









|α|2 0 αβ∗e−iφ 0
0 0 0 0
α∗βeiφ 0 |β|2 0
0 0 0 0


1 0 0 0










1 0 0 0









|α|2 0 √1− d1αβ∗e−iφ 0








|α|2 0 √1− d1αβ∗e−iφ 0
0 0 0 0
√
1− d1α∗βeiφ 0 (1− d1) |β|2 0
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An identical calculation can be carried for the second term of the density matrix
as shown below.












0 0 0 0
0 0 0 0


|α|2 0 αβ∗e−iφ 0
0 0 0 0
α∗βeiφ 0 |β|2 0
0 0 0 0


0 0 0 0
0 0 0 0
√













0 0 0 0





∗e−iφ 0 0 0
0 0 0 0
√
d1|β|2 0 0 0




d1|β|2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

.
Combining both terms, the output density matrix is found to be,





|α|2 + d1|β|2 0
√
1− d1αβ∗e−iφ 0
0 0 0 0
√
1− d1α∗βeiφ 0 (1− d1) |β|2 0
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Since the photon is found only on path a, the output state is a function of only
d1. The parameter d2 plays a role when the initial state includes a vertically






In a MZI, the weak measurement and measurement reversal can be implemented
in either one or both interferometer arms. As a result, the two-mode weak
measurement and measurement reversal operators have to be modified in similar
fashion to the two-mode amplitude damping decoherece Kraus operators.
B.1 Two-Mode Weak Measurement
The basis set for the two-mode weak measurement is identical to the basis set of
the two-mode amplitude damping decoherence, i.e. {|H, a〉 , |H, b〉 , |V, a〉 , |V, b〉}.
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The two-mode weak measurement operator is then given by
MˆW (p1, p2) =

1 0 0 0









where the parameters p1 and p2 are the weak measurement parameters for path
a and path b. In the limit of p1 → 1 and p2 → 1, we have a projection operator.
If a weak measurement setup is implemented only at path a(b), then the weak
measurement parameter p2(p1) is set to 0. This allows the photon in path a(b)
to pass through without any weak measurement. From the operators of both
single and two-mode weak measurement, the probability is not conserved due to
the loss from the partial projection of the weak measurement.
B.2 Two-Mode Measurement Reversal





1− p¯1 0 0 0
0
√
1− p¯2 0 0
0 0 1 0
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In the limit of pˆ1 → 1 and pˆ2 → 1, we have a projector operator where we have a
projection onto the vertically polarised photon in both paths. This is an inverse of
the weak measurement where we have a projection onto the horizontally polarised
photon. In the absence of amplitude damping channel and an identical weak
measurement and measurement reversal parameter, a measurement reversal after








For a more generic initial state cosβ |H, a〉 + sinβ |V, a〉, a numerical search of
the optimal combination of weak measurement parameter p and measurement
reversal parameter p¯ where the maximum value of the interferometric visibility
is attainable. The MZI setup considered is the configuration 1 with weak mea-
surement, amplitude damping channel and measurement reversal in only one of
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the interferometer arm.
We will only consider two amplitude damping decoherence magnitude of d = 0.4
and d = 0.8. The maximum attainable interferometric visibility is compared
with the interferometric visibility of a MZI without the weak measurement and
measurement reversal.
C.1 d=0.4
The table for the optimal combination of p and p¯ are shown in Table C.1.
C.2 d=0.8
The table for the optimal combination of p and p¯ are shown in Table C.2.
Our results suggest that the optimal weak measurement and measurement re-
versal parameters can be predicted for any arbitrary initial state. This would be
helpful in experimental implementation of the weak measurement and measure-
ment reversal scheme in a MZI.
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β weak measurement, p measurement reversal p¯ visibility, V 2
0 0 0 1
1/30 0.38 0.02 0.998805
2/30 0.38 0.02 0.995533
3/30 0.38 0.02 0.990111
4/30 0.38 0.02 0.982583
5/30 0.38 0.02 0.973013
6/30 0.36 0.02 0.961488
7/30 0.36 0.02 0.948116
8/30 0.34 0.04 0.933044
9/30 0.32 0.04 0.916516
10/30 0.28 0.082 0.898789
11/30 0.26 0.10 0.880264
12/30 0.22 0.14 0.8614
13/30 0.16 0.20 0.842934
14/30 0.08 0.28 0.825856
15/30 0 0.38 0.811451
16/30 0 0.44 0.79996
17/30 0 0.52 0.79158
18/30 0 0.58 0.786981
19/30 0 0.66 0.786707
20/30 0 0.74 0.791068
21/30 0 0.80 0.800102
22/30 0 0.86 0.813592
23/30 0 0.92 0.830755
24/30 0 0.94 0.850516
25/30 0 0.98 0.8715
26/30 0 0.98 0.891726
27/30 0 1 0.90878
28/30 0 1 0.924687
29/30 0 1 0.93429
1 0 1 0.9375
Table C.1: The optimal weak measurement, p and measurement reversal, p¯
parameters are listed for d = 0.4. In addition, the interferometric visibilities
obtained for each combination of p and p¯ are also listed together.
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β weak measurement, p measurement reversal p¯ visibility, V 2
0 0 0 1
1/30 0.8 0.02 0.997693
2/30 0.8 0.02 0.991086
3/30 0.78 0.02 0.980112
4/30 0.78 0.02 0.964827
5/30 0.78 0.02 0.945316
6/30 0.78 0.02 0.92169
7/30 0.76 0.02 0.894103
8/30 0.76 0.02 0.862786
9/30 0.76 0.02 0.827952
10/30 0.74 0.02 0.789991
11/30 0.72 0.02 0.749251
12/30 0.70 0.02 0.70623
13/30 0.68 0.02 0.661513
14/30 0.66 0.02 0.615754
15/30 0.64 0.02 0.569665
16/30 0 0.52 0.525361
17/30 0 0.60 0.49996
18/30 0 0.68 0.480095
19/30 0 0.74 0.466428
20/30 0 0.82 0.459183
21/30 0 0.86 0.458426
22/30 0 0.92 0.463747
23/30 0 0.94 0.473863
24/30 0 0.98 0.48758
25/30 0 0.98 0.503416
26/30 0 0.98 0.516696
27/30 0 1 0.533037
28/30 0 1 0.545466
29/30 0 1 0.553021
1 0 1 0.55556
Table C.2: The optimal weak measurement, p and measurement reversal, p¯
parameters are listed for d = 0.8. In addition, the interferometric visibilities
obtained for each combination of p and p¯ are also listed together.
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